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Control Engineering Project - PID Control of a DC Motor 

Introduction 
A PID controller comprises three kinds of controller, namely proportional (P), integral (I), and 
derivative(D). In control system, designing a PID controller is mostly used when the mathematical 
representation of a plant (system to be controlled) is unknown. Therefore, PID controllers are mostly 
set and tuned on the field (Ogata 2002, p.681) for practical reason. The mathematical representation 
(transfer function) of a PID controller itself is given below: 

  ( )    (  
 

   
    ) 

For the tuning process, Ziegler-Nichols tuning method gives a comfort in providing a place to start. 
There are two Ziegler-Nichols methods, namely the first and the second method. In the first method, 
the main focus is the response of the system to a unit step input. On the other hand, the second 
method is based on the two characteristic variables of the system examined: critical gain (Kcr) and 
critical period (Pcr). Kcr is based on the first value of Kp that results in a sustained oscillation as its 
output, while Pcr is defined as the period of the oscillation. 

The second method of Ziegler-Nichols tuning coefficients for P, PI, and PID controllers are given in 
table 1. 

Type of 
Controller 

         

P 0.5Kcr ∞ 0 

PI 0.45Kcr  

   
Pcr 0 

PID 0.6Kcr 0.5Pcr 0.125Pcr 

Table 1 Ziegler-Nichols second method tuning rules  

Another method that is similar to Ziegler-Nichols is the Tyreus-Luyben method. The tuning rules for 
this method is given in table 2. 

Type of 
Controller 

         

PI  

   
Kcr 2.2Pcr 0 

PID  

   
Kcr 2.2Pcr  

   
Pcr 

Table 2 Tyreus-Luyben method tuning rules  

In this report, both methods aforementioned will be discussed and compared. Apart from that, the 
manual tuning of P-I-D coefficients will also be employed and compared with the result from the 
second method of Ziegler-Nichols tuning rules.  

Results 

Ziegler-Nichols Tuning Rules 
The system examined in this report is a DC motor. The physical form of a DC motor is shown in 
Figure 1, while the complete mathematical representation of a control system is given in Figure 2. 
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Figure 1 A DC motor    Figure 2 A DC motor control system 

The dynamics of the DC motor is given below: 

 ( )  
 

 (     )(    )
 

where the motor time constants (ω and ωm) are given in table 3. 

No 1 2 3 4 5 6 7 8 9 10 

ω 10 

ωm 1.2π 0.9π π 1.08π 1.06π 1.04π 1.13π 1.12π 1.03π 1.01π 

Table 3 DC motor time constants 

The G(s) equation above can be written as the following in terms of the DC motor time constants: 

 ( )  
    

 (    )(   )
 

Therefore, the plant transfer functions for the extreme values (ωm = 1.2π and ωm = 0.9π) are given in 
the table 4. 

ωm Dc Motor Transfer Function 

1.2π     

                
 

0.9π      

                 
 

Table 4 The complete transfer function of the DC motor based on each time constant 

For the analysis in this report, only those systems with ωm = 1.2π (system 1) and ωm = 0.9π (system 
2) will be discussed. 

The value of Kcr and Pcr of both systems are shown in table 5. 

 System 1 System 2 

Kcr 13.7699 12.8274 

Pcr 1.0233 1.1816 

Table 5 The Kcr and Pcr of each system 

The resulting Kp, Ti and Td based on the Ziegler-Nichols rules of the respective system are: 

 

http://upload.wikimedia.org/wikipedia/commons/8/89/Motors01CJC.jpg
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  System 1 System 2 

P 

   6.8850 6.4137 

   ∞ ∞ 

   0 0 

PI 

   6.1965 5.7723 

   0.8528 0.9847 

   0 0 

PID 

   8.2619 7.6965 

   0.5117 0.5908 

   0.1279 0.1477 

Table 6 The Kp, Ti and Td of each P, PI, and PID controller based on Ziegler-Nichols tuning rules 

Thus the resulting Gc(s) and the closed loop system are shown in table 7 and table 8 respectively. 

 Gc(s) 

 P PI PID 

System 1 6.8850             

       
 

                     

       
 

System 2 6.4137             

       
 

                         

        
 

Table 7 The resulting Gc(s) based on Kp, Ti, and Td acquired in Table 6 

 System 1 System 2 

P      

                      
 

     

                       
 

PI             

                                     
 

               

                                        
 

PID                     

                                     
 

                     

                                       
 

Table 8 The resulting closed loop transfer function of each system based on the controller used 

 System 1 System 2 

Closed loop poles -12.4173, -0.6763 + 4.5217i 
  -0.6763 - 4.5217i 

-11.7349, -0.5463 + 3.8929i 
  -0.5463 - 3.8929i 

Phase Margin 18.8751 17.4496 

Gain Margin 2.0000 2.0000 

Rise Time (s) 0.2754 0.3141 

Overshoot (%) 58.3886 60.7761 

Delay Time (s) 0.316 0.358 

Settling Time (s) 4.3522 5.1205 

Steady State Error 
(input1: step) 

0.001 0.001 

Steady State Error 
(input2:     ) 

0.3 0.32 

Steady State Error 

(input3:     )  
3.002 3.002 

Table 9a The time and frequency response characteristics                                                                            
for closed loop system 1 and system 2 with P controller 
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 System 1 System 2 

Closed loop poles -12.0950, -0.1708 + 4.1179i 
  -0.1708 - 4.1179i, -1.3334 

-11.4937, -0.0999 + 3.5649i 
  -0.0999 - 3.5649i, -1.1338 

Phase Margin 4.6549 3.1483 

Gain Margin 1.2704 1.1982 

Rise Time (s) 0.2598 0.2966 

Overshoot (%) 98.3318 100.8808 

Delay Time (s) 0.313 0.367 

Settling Time (s) 17.7048 30.1253 

Steady State Error 
(input1: step) 

0.001 0.002 

Steady State Error 
(input2:     ) 

0.006 0.15 

Steady State Error 

(input3:     )  
0.3 0.38 

Table 9b The time and frequency response characteristics                                                                            
for closed loop system 1 and system 2 with PI controller 

 System 1 System 2 

Closed loop poles -1.2218 + 4.4558i, -1.2218 - 4.4558i,  
-7.5486, -3.7776 

-7.9309, -0.9809 + 3.8553i 
  -0.9809 - 3.8553i, -2.9346 

Phase Margin 24.1096 23.2321 

Gain Margin 0 0 

Rise Time (s) 0.2155 0.2465 

Overshoot (%) 60.0980 60.8240 

Delay Time (s) 0.194 0.22 

Settling Time (s) 2.2890 3.2681 

Steady State Error 
(input1: step) 

0 0 

Steady State Error 
(input2:     ) 

0 0 

Steady State Error 

(input3:     )  
0.1 0.15 

Table 9c The time and frequency response characteristics                                                                            
for closed loop system 1 and system 2 with PID controller 

Figure 3 Input1, input2, and input3 response of the closed loop system 1 with P controller 
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Figure 4 Input1, input2, and input3 response of the closed loop system 1 with PI controller 

Figure 5 Input1, input2, and input3 response of the closed loop system 1 with PID controller 

Simulation Using Different Sampling Periods 
The simulation will be in three different sampling periods (Ts): 0.5s, 0.25s and 0.025s. The system 
examined is System 1 (ωm  = 1.2π) with PID controllers. The results are shown below in figure 6. 

Figure 6 System 1 with PID controller sampled at different Ts 

From the results it can be seen that the smaller the sampling period is, the better. It is stated in the 
sampling theorem of Nyquist and Shannon that ‘for the signals to be accurately reconstructed from 

samples, it must have no frequency component  greater than half the sample rate (
  

 
). In this case, 

the sampling rate has to be at least half the Pcr in order to avoid aliasing (Franklin 2010, p.578).  

Fine Tuning the Controllers 
System specification is as following: 

- Overshoot less than 10% 
- Shortest rise time 
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The controller used here is PID controller. The fine tuning method itself relies on Matlab program 
using iteration. The iteration will calculate the best value of gain (K) which will meet the system 
specification. The tuning variables is set not far from the Ziegler-Nichols setting point for PID 
controller. The resulting Kcr and Pcr are 11.7767 and 3.1082 respectively. The controller transfer 
function is therefore can be defined as below:  

 

  ( )  
                    

      
 

The result for the new control system and the comparison found before are shown in figure 7 and 
table 10.  

Figure 7  Input1, input2, and input3 response of the closed loop system 1                                            
with fine-tuned PID controller 

 
Table 10 The characteristic of the new control system as a result of                                                                     

fine-tuning with Kcr and Pcr of 11.7767 and 3.1082 respectively.                                                              
System specification is met. 

Comparison of the Ziegler-Nichols and the Fine-Tuned Results 
From table 9 and table 10 we can conclude that: 

- The fine-tuned system has been able to meet the performance specification, that is the 
overshoot of maximum 10% with the minimum rise time.  

- The fine-tuned system has a bigger phase margin than the corresponding Ziegler-Nichols’. 
This corresponds to the theory that the for satisfactory performance, the phase margin 
should be between 30° and 60° (Ogata 2002, p.565). 

- From the tuning experience gained in this experiment, the value of Kcr mostly affects the 
settling and rise time, and the phase margin of the system’s response to unit step. The 
bigger Kcr is, the less settling time and rise time, and the lower the phase margin is. The 

 Fine Tuning Ziegler-Nichols 

Closed loop poles -5.7973 + 8.9926i, -5.7973 - 8.9926i 
  -1.0877 + 0.5606i, -1.0877 - 0.5606i 

-1.2218 + 4.4558i, -1.2218 - 4.4558i,  
-7.5486, -3.7776 

Phase Margin 59.9494 24.1096 

Gain Margin 0 0 

Rise Time (s) 0.1763 0.2155 

Overshoot (%) 9.5219 60.0980 

Delay Time (s) 0.131 0.194 

Settling Time (s) 1.8012 2.2890 
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value of Pcr influences also the phase margin and the overshoot it gives. The bigger the Pcr 
is, the lower the phase margin and the overshoot are.  

- Ziegler-Nichols theory gives a good starting point in designing a controller. The results shows 
that only with a little tweak on the system parameters, the system performance 
specification can be met with ease. 

The Relation between Relative Stability Properties and the Performance 
The stability properties are desribed from the following characteristics: 

1. The closed loop poles 
2. Phase margin 
3. Gain margin 

On the other hand, the performance of a system is characterized by the following: 

1. Rise time 
2. Overshoot (%) 
3. Delay time 
4. Settling time 
5. Steady-state error (position, velocity, and accelaration) 

Stability and performance of a system are the most important aspect of a system and the main focus 
of every engineer’s mind when it comes to designing a controller. These properties, however, can be 
described by the type of the system described by its open loop transfer function with unity feedback 
as shown in figure 11. 

 

Figure 11 A control system with unity feedback 

Regarding the results obtained in this report, it is going to be seen from a few angles: 

1)  Steady state error. The type of a system is described by N at the open loop transfer function in 
the form of: 

 

It is stated that the higher the type of a system, the better the accuracy is. However, this comes at 
the expense of the stability of the system (Ogata 2002, p.288). This theory is based on the steady-
state error coeficents of a system (Kp, Kv, Ka) exposed to unit step, unit ramp and unit parabolic 
inputs which can be seen in table 12. Further, it is going to be shown that the results obtained in the 
previous section of this report correspond to this theory. 
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Table 12 Steady-state error of a control system  

As a sample case, system 1 will be discussed here. 

The results obtained from the Ziegler-Nichols tuning rules shows that system 1 open loop transfer 
function is:  

  ( )  
                    

                        
 

It can be seen that the system is of type 2. And from tabel 12 , the steady-state error of the system is 

0 for both step and ramp input, but 
 

 
 for acceleration input. This explains the steady-state error 

shown before in table 9c. 

2) Phase and gain margin. From the result in table 10. It can be seen that the fine tuning of the 
controller caused a shift in phase margin. This corresponds well with the usual trade-off in the real 
system, that is with the better performance, sometimes it is at the expense of the stability of the 
system. It is said that the phase margin of a system with satisfactory performance should be 
between 30° and 60°. The fine tuned system got it to the limit of the range, but it has increased the 
perfomance of the system by a lot. The Bode plot of the open loop system is given in figure 8.  

  

Figure 8 The Bode plots of system 1 based on Ziegler-Nichols (left) and after being fine-tuned (right) 

3) Root locus analysis. The root locus plots of the open loop system with and without the controller 
can be seen in figure 9. 
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Figure 9 The root locus of the open loop system with (left) and without the controller (right) 

From the figure above, it is obvious that the trajectory of the poles and zeros of the system has 
changed to the better with the existance of the controller in a way that with the increment in gain, 
the system will not render to instability. 

Tyreus-Luyben Method 
Another alternative of tuning method is Tyerus-Luyben method. This method uses the coeficients 
Kp, Ti, and Td as described in table 13 and the results can be seen in table 14. 

Controller Kp Ti Td 

PI 
   
   

 2.2Pcr 0 

PID 
   
   

 2.2Pcr 
   
   

 

Table 13 The Tyreus-Luyben tuning rules method 

 System 1 System 2 

Closed loop poles -7.6193, -2.8129 + 4.2777i, 
-2.8129 - 4.2777i, -0.5248 

-7.8214, -2.2776 + 3.5777i      
-2.2776 - 3.5777i, -0.4508 

Phase Margin 48.4483 47.2594 

Gain Margin 0 0 

Rise Time (s) 0.2720 0.3101 

Overshoot (%) 24.6146 26.0433 

Delay Time (s) 0.215 0.245 

Settling Time (s) 1.1856 1.3573 

Steady State Error 
(input: step) 

0.004 0.004 

Steady State Error 
(input:     ) 

0.002 0.002 

Steady State Error 

(input:     ) 
0.7 0.8 

Table 14 The characteristic of the response using Tyreus-Luyben method 
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    Figure 10 Input1, input2, and input3 response of the closed                                                                          
loop system 1 (ωm = 1.2π) with PID controller according to Tyreus-Luyben method 

Figure 11 Input1, input2, and input3 response of the closed                                                                          
loop system 2 (ωm = 0.9π) with PID controller according to Tyreus-Luyben method 

From the results above, it can be drawn some comparisons to the Ziegler-Nichols results obtained 
before: 

- The Tyreus-Luyben method gives higher rise time, delay time, phase margin, and steady 
state error to acceleration input than Ziegler-Nichols method. This gives the Ziegler-Nichols a 
preference if a fast response system is needed. But on the other hand, the overshoot is a lot 
higher with Ziegler-Nichols method compared to the Tyreus-Luyben by a third. 

Conclusion 
Ziegler-Nichols tuning rules are mostly useful when the plant’s mathematical representation cannot 
be obtained. It gives the engineers a tuning process starting point with ease. However, these tuning 
rules are also applicable for those systems with known mathematical models. 

As stated before, the Ziegler-Nichols method gives the starting point for the tuning process. 
Nevertheless, it is critical that an engineer can take it up from there and further tune it (based on 
experience) so the system can meet the performance specification wanted. 
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